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Helicity correlations of vector bosons
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We calculate the helicity and polarization correlation functions in the Einstein-Podolsky-Rosen-
type experiments with relativistic vector bosons. We show that the linear polarization correlation
function in the appriopriately chosen state in the massless limit is the same as the correlation function
in the scalar two-photon state. We show also that the polarization correlation function violate the
Clauser-Horne-Shimony-Holt inequality and that the degree of this violation can increase with the
particle momentum.
PACS numbers: 03.65 Ta, 03.65 Ud
I. INTRODUCTION
Starting from Czachor’s paper [1], Einstein-Podolsky-
Rosen (EPR) correlations and other quantum informa-
tion primitives in the relativistic context have been
widely discussed [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13,
14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28,
29, 30, 31, 32, 33, 34, 35]. For massive particles mostly
the spin degrees of freedom are considered. However, the
definition of the spin operator for the relativistic particle
is not unique and different operators have been used by
different authors [1, 2, 3, 4, 5, 36].
On the other hand the helicity of the massive par-
ticle can be defined unambiguously and recent papers
[37, 38, 39] shows that helicity entanglement of fermion
pair behaves in a different way than spin entangle-
ment. Moreover, the carrier space of the irreducible, uni-
tary representation of the Poincare´ group for photons is
spanned by helicity eingenstates. Furthermore, one can
expect that the photon case can be received as a mass-
less limit of the spin 1 boson case. In the recent paper
[34] the spin correlation function for the pair of vector
bosons in the covariant framework have been discussed
and the very surprising behavior of this function has been
reported. In the center-of-mass frame for the definite
configuration of the particles momenta and directions of
the spin projection measurements this correlation func-
tion still depends on the value of the particle momen-
tum and for some configurations this dependence is not
monotonic. In other words, for fixed spin measurement
directions and particle momenta directions, the spin cor-
relation function can have an extremum.
Therefore, it is very interesting to consider helicity cor-
relation function for the boson pair and the massless limit
of this function. In this paper we calculate ordinary he-
licity correlation function of the boson pair in certain
scalar states. However, for photons usually the polar-
ization correlations are considered. Therefore, for mas-
sive vector bosons we also define polarization states and
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calculate polarization correlation function. In particular
we identify the two-particle scalar state which posseses a
proper massless limit, calculate polarization correlation
function in this state, and show that the massless limit of
this function is the same as the correlation function in the
scalar two-photon state. We discuss also the violation of
the Clauser-Horne-Shimony-Holt (CHSH) inequality by
the polarization correlation function. We show that the
degree of violation of the CHSH inequality in the center
of mass frame depends on the particle momenta. What
is very interesting, we find that the degree of violation
of the CHSH inequality can increase with the particle
momentum.
In Sec. II we recall basic facts concerning the mas-
sive spin 1 representations of the Poincare´ group in the
helicity basis. Section III is devoted to the discussion
of states transforming covariantly with respect to the
Poincare´ group action. In Sec. IV we calculate explicitly
helicity correlations of the boson pair in certain scalar
states. In Sec. V we define states corresponding to the
longitudal and transversal polarization of vector particle.
In the next section we calculate polarization correlation
function for the boson pair; we discuss also properties of
this function and its massless limit. In this section we
consider also the violation of Bell-type inequalities. The
last section contains concluding remarks.
In the paper we use the natural units ~ = c = 1, the
metric tensor ηµν = diag(1,−1,−1,−1), and the anti-
symmetric tensor ǫαβµν with ǫ0123 = 1.
II. REPRESENTATIONS OF THE POINCARE´
GROUP IN THE HELICITY BASIS
In this section we recall the basic facts concerning the
spin-1 representation of the Poincare´ group in the helicity
basis. Let H be the carrier space of the irreducible mas-
sive spin-1 representation of the Poincare´ group. The
spin basis of the space H we denote by {|p, σ〉}σ=0,±1
while the helicity basis by {|p, λ〉}λ=0,±1. Vectors |p, σ〉
are eigenvectors of the four-momentum operators
Pˆµ|p, σ〉 = pµ|p, σ〉, (1)
2where p2 = m2 and m is the mass of the particle. We
use the Lorentz-covariant normalization of the spin basis
vectors
〈p, σ|p′, σ′〉 = 2p0δ3(p− p′)δσσ′ . (2)
The vectors |p, σ〉 can be generated from standard vec-
tor |p˜, σ〉, where p˜ = m(1, 0, 0, 0). We have |p, σ〉 =
U(Lp)|p˜, σ〉, where Lorentz boost Lp is defined by re-
lations p = Lpp˜, Lp˜ = 1 , and its explicit form is
Lp =
(
p0
m
pT
m
p
m
1 + p⊗p
T
m(m+p0)
)
, (3)
where p0 =
√
m2 + p2.
The standard Wigner induction procedure gives
U(Λ)|p, σ〉 = Dσ′σ(R(Λ, p))|Λp, σ′〉, (4)
where the Wigner rotationR(Λ, p) is defined asR(Λ, p) =
L−1ΛpΛLp and D(R) is the standard spin-1 representation
of the rotation group. 3×3 matrix representations of the
rotation group, D(R) and R, are unitary equivalent, i.e.
for every rotation R
D(R) = V RV †, (5)
where
V =
1√
2

 −1 i 00 0 √2
1 i 0

 (6)
(see [34]).
The helicity basis vectors |p, λ〉 are connected with the
spin basis vectors |p, σ〉 via the relation [40]:
|p, λ〉 = Dσλ(Rp)|p, σ〉, (7)
where Rp denotes the rotation which rotates the z-axis
on the direction of the vector p, i.e.:
Rp

00
1

 = np ≡ p|p| . (8)
The most general form of the rotation Rp is
Rp =
(
ap
∣∣∣np × ap∣∣∣np) , (9)
where |ap| = 1, ap ⊥ np and we treat vectors in (9) as
column matrices. Vectors |p, λ〉 are eigenvectors of the
four-momentum operators
Pˆµ|p, λ〉 = pµ|p, λ〉, (10)
and Eqs. (2), (7) imply the Lorentz-covariant normaliza-
tion of the helicity basis
〈p, λ|p′, λ′〉 = 2p0δ3(p− p′)δλλ′ . (11)
Vectors |p, λ〉 are eigenvectors of the helicity operator
J ·P
|P| |p, λ〉 = λ|p, λ〉, (12)
where J = (J1, J2, J3), Ji =
1
2εijkJij and Jµν denote
the generators of the Lorentz group such that U(Λ) =
exp(iωµνJµν). Let us note that J ·P = W 0, where the
Pauli-Lubanski four-vector is defined as
Wµ = 12ǫ
ναβµPνJαβ . (13)
The relation (7) can be inverted
|p, σ〉 = Dλσ(R−1p )|p, λ〉. (14)
Now, from Eqs. (4), (7), and (14) we have
U(Λ)|p, λ〉 = Dλ′λ(R−1ΛpR(Λ, p)Rp)|Λp, λ′〉. (15)
III. COVARIANT STATES
Now, following [34], let us define states
|(µ, p)〉 = eµσ(p)|p, σ〉, (16)
which transform covariantly
U(Λ)|(µ, p)〉 = (Λ−1)µν |(ν,Λp)〉. (17)
In Eq. (16) eµσ(p) denotes the vector boson field ampli-
tudes (see [34] for the details). Consistency of Eqs. (4),
(16), and (17) is guaranteed by the Weinberg condition
[34]
eµσ(Λp) = Λ
µ
νe
ν
σ′(p)D(R(Λ, p))σσ′ . (18)
The explicit form of the amplitudes eµσ(p) can be deter-
mined from Eq. (18) (see [34])
e(p) =
(
p
T
m
1 + p⊗p
T
m(m+p0)
)
V T. (19)
Moreover, amplitudes (19) fulfil the following conditions:
pµe
µ
σ(p) = 0, (20a)
e∗µσ(p)eµσ′(p) = −δσσ′ , (20b)
eµσ(p)eµσ′ (p) = −(V V T)σσ′ , (20c)
e∗µσ(p)e
ν
σ(p) = −ηµν + p
µpν
m2
, (20d)
where e(p)V V T = e∗(p), and V V T =

 0 0 −10 1 0
−1 0 0

.
The covariant states (16) are normalized as follows
[c.f. Eq. (2)]
〈(µ, p′)|(ν, p)〉 = 2p0δ3(p′ − p)e∗µσ(p′)eνσ(p). (21)
3Using helicity basis we have
|(µ, p)〉 = eµσ(p)Dλσ(R−1p )|p, λ〉 ≡ Eµλ(p)|p, λ〉. (22)
Equations (5), (19), and (20) imply
pµE
µ
λ(p) = 0, (23a)
E∗µλ(p)Eµλ′ (p) = −δλλ′ , (23b)
Eµλ(p)Eµλ′ (p) = −(V V T )λλ′ , (23c)
E∗µλ(p)E
ν
λ(p) = −ηµν +
pµpν
m2
, (23d)
and
E(p) =
(
pT
m
1 + p⊗p
T
m(m+p0)
)
RpV
T. (24)
Thus, applying Eqs. (6), (9), and (24) we have explicitly
E(p) =
(
0 p
2
m|p| 0
−ap+i(np×ap)√
2
p0p
m|p|
ap+i(np×ap)√
2
)
, (25)
where the first column of the above matrix corresponds
to λ = 1, the second one to λ = 0, and the third one
to λ = −1. For futher convenience let us introduce the
following notation
|(k, λ); (p, λ′)〉 ≡ 1√
2
[|k, λ〉 ⊗ |p, λ′〉+ |p, λ′〉 ⊗ |k, λ〉].
(26)
For k 6= p Eq. (11) imply
〈(k, τ); (p, τ ′)|(k, λ); (p, λ′)〉 = 4k0p0[δ3(0)]2δτλδτ ′λ′ .
(27)
Finally, with help of one-particle covariant states (16),
we can define two-particle states which posses defined
transformation properties under Lorentz group action.
In particular, the most general scalar state with sharp
momenta has the following form:
|χ(k, p)〉 = α(k, p)(kp)|ψ(k, p)〉 + β(k, p)|φ(k, p)〉, (28)
where two independent scalar states, |ψ(k, p)〉 and
|φ(k, p)〉, are given by
|ψ(k, p)〉 = ηµνEµλ(k)Eνλ′(p)|(k, λ); (p, λ′)〉, (29)
|φ(k, p)〉 = [pµEµλ(k)][kνEνλ′(p)]|(k, λ); (p, λ′)〉, (30)
and α(k, p), β(k, p) denote scalar functions of four-
momenta k and p. In the EPR-type experiments Alice
and Bob measure correlation function in the two-particle
state with different momenta. Therefore, in the rest of
the paper we will assume that in the states (29), (30)
k 6= p. In this case it holds
〈ψ(k, p)|ψ(k, p)〉 = 4k0p0[δ3(0)]2[ (kp)2
m4
+ 2
]
, (31)
〈φ(k, p)|φ(k, p)〉 = 4k0p0[δ3(0)]2m4[ (kp)2
m4
− 1
]2
, (32)
〈φ(k, p)|ψ(k, p)〉 = 4k0p0[δ3(0)]2(kp)[ (kp)2
m4
− 1
]
. (33)
With help of the above equations we can easily find the
square of the norm of the state |χ(k, p)〉
〈χ(k, p)|χ(k, p)〉 = 4k0p0[δ3(0)]2
×
{
|α|2(kp)2
[ (kp)2
m4
+ 2
]
+ |β|2m4
[ (kp)2
m4
− 1
]2
+
+ (α∗β + αβ∗)(kp)2
[ (kp)2
m4
− 1
]}
. (34)
In the discussion of the massless limit of the correlation
function, the following state will be of special interest
|ξ(k, p)〉 = −(kp)|ψ(k, p)〉+ |φ(k, p)〉. (35)
For the state (35) it holds
〈ξ(k, p)|ξ(k, p)〉 = 4k0p0[δ3(0)]2[2(kp)2 +m4]. (36)
IV. HELICITY CORRELATIONS
Now, we will calculate helicity correlations in the EPR
type experiments. We assume that Alice and Bob share
two-particle scalar state defined in Eq. (28) (with k 6= p)
and Alice measures the helicity of the particle with the
four-momentum k and Bob the helicity of the particle
with the four-momentum p. Therefore, Alice uses the
observable
Λk = λˆk ⊗ 1 + 1 ⊗ λˆk, (37)
where
λˆk|k, λ〉 = λ|k, λ〉, (38)
and
λˆk|p, λ〉 = 0, k 6= p; (39)
while Bob uses the observable
Λp = λˆp ⊗ 1 + 1 ⊗ λˆp. (40)
λˆp fulfills relations analogous to Eqs. (38) and (39). He-
licity correlation function has the form
Cχ(k,p)helicity (k, p) =
〈χ(k, p)|ΛpΛk|χ(k, p)〉
〈χ(k, p)|χ(k, p)〉 . (41)
Taking into account Eqs. (24), (29), (30), and (27) after
strightforward calculation, we receive
〈ψ(k, p)|ΛpΛk|ψ(k, p)〉 = −8k0p0
[
δ3(0)
]2 k ·p
|k||p| , (42a)
〈φ(k, p)|ΛpΛk|φ(k, p)〉 = 0, (42b)
〈φ(k, p)|ΛpΛk|ψ(k, p)〉 = −k0p0
[
δ3(0)
]2 (k× p)2
|k||p| .
(42c)
4Now, using Eqs. (28), (34), and (42) one can easily calcu-
late correlation function (41) for arbitrary state |χ(k, p)〉.
We give here explicit formulas for some special cases.
First of all, Eq. (42b) imply that for the state (30) we
have
Cφ(k,p)helicity (k, p) = 0. (43)
For the state (29) we have
Cψ(k,p)helicity (k, p) = −
2[
2 + (kp)
2
m4
] kp|k||p| . (44)
It should be noted that the standard spin correlation
function in the EPR-type expiriment in which Alice and
Bob share the state (29) and measure the spin compo-
nents in directions a and b, respectively, was calculated
in Ref. [34]. This function has the following form [34]:
Cψ(k,p)spin (k, a; p,b) =
2
m2
[
2 + (kp)
2
m4
]{− (a ·b)(kp)+
− (a ·p)(b ·k)− (a ·k)(b ·p)(k ·p)
(m+ k0)(m+ p0)
+
+
k0(a ·p)(b ·p)
m+ p0
+
p0(a ·k)(b ·k)
m+ k0
}
. (45)
In [34] the following relativistic spin operator
S =
1
m
(
W−W 0 P
P 0 +m
)
, (46)
has been used. For this operator it holds S ·P = W 0.
Therefore, we can write
S ·P
|P| |p, λ〉 = λ|p, λ〉. (47)
Thus, one can expect that choosing directions of Alice’s
and Bob’s measurements parallel to k and p, respectively,
i.e. putting in Eq. (45)
a =
k
|k| , b =
p
|p| , (48)
one should receive Eq. (44). Simple calculation shows
that this is really the case.
Finally, helicity correlation function in the state (35)
has the form
Cξ(k,p)helicity(k, p) =
−2(kp)
2(kp)2 +m4
(kp)(k ·p)− (k× p)2
|k||p| .
(49)
V. POLARIZATION STATES
Now, we define vectors describing polarized states
|ε(p), p〉 = εµ(p)|(µ, p)〉 = εµ(p)Eµλ(p)|p, λ〉. (50)
It should be noted that without loss of generality we can
assume
εµ(p)p
µ = 0, (51)
what is a consequence of Eq. (23a). Vectors (50) are
normalized as follows:
〈ε(p), p|ε′(p′), p′〉 = −2p0δ3(p− p′)ε∗µ(p)ε′µ(p). (52)
A. Longitudal polarization
We say that vector (50) describes longitudal polariza-
tion, when ε(p)||p. Therefore, using Eqs. (23a), (24),
and (6), (8) one can easily show that
|ε||(p), p〉 = |p, 0〉, (53)
and the corresponding polarization vector has the form
ε||(p)
µ = −
( |p|
m
,
p0
m|p|p
)
. (54)
In Eq. (53) |p, 0〉 denotes state with helicity 0.
B. Transversal polarization
Transversally polarized state is described by the vec-
tor (50) with polarization vector ε⊥(p) orthogonal to the
momentum p. This condition and Eqs. (23a, 24, 6, 8)
imply
|ε⊥(p), p〉 = α|p, 1〉+ β|p,−1〉, (55)
where |α|2 + |β|2 = 1, |p,±1〉 are helicity states, and
ε⊥(p)0 = 0, (56)
ε⊥(p) =
1√
2
[
(α− β)ap + i(α+ β)(np × ap)
]
. (57)
States (55) are normalized according to [compare
Eq. (52)]
〈ε⊥(p), p|ε′⊥(p′), p′〉 = 2p0δ3(p− p′)ε∗⊥(p) · ε′⊥(p). (58)
C. Circular and linear polarization
Circularly polarized states we recive from Eq. (55)
putting α = 1, β = 0 or α = 0, β = 1
|ε+⊥(p), p〉 = |p, 1〉, (59)
|ε−⊥(p), p〉 = |p,−1〉. (60)
Linearly polarized states we define in a standard way
|εθ(p), p〉 = 1√
2
[
eiθ|ε+⊥(p), p〉+ e−iθ|ε−⊥(p), p〉
]
(61)
=
1√
2
[
eiθ|p, 1〉+ e−iθ|p,−1〉]. (62)
5Therefore the polarization vector for the linearly polar-
ized state has the form
εθ(p) = i
[
sin θap + cos θ(np × ap)
]
. (63)
States (62) are normalized as follows
〈εθ(p), p|εθ′(p′), p′〉 = 2p0δ3(p− p′) cos (θ − θ′). (64)
VI. LINEAR POLARIZATION CORRELATIONS
In this section we will consider EPR-type experi-
ment in which Alice and Bob measure linear polariza-
tion of vector particles. Precisely, we assume that Al-
ice and Bob share two-particle scalar state, particle with
four-momentum k flies to Alice, and particle with four-
momentum p flies to Bob. Alice (Bob) measures an ob-
servable which gives +1 when acting on boson with four-
momentum k (p), polarized linearly under the angle θ
(θ˜), and −1 for the similar boson polarized under the an-
gle θ⊥ = θ + π/2 (θ˜⊥). Therefore, the observables used
by Alice and Bob have the following form:
Sθk = Π
θ
k −Πθ⊥k , (65a)
S θ˜p = Π
θ˜
p −Πθ˜⊥p , (65b)
where
Πθk =
1
2k0δ3(0)
[
|εθ(k), k〉〈εθ(k), k| ⊗ 1
+ 1 ⊗ |εθ(k), k〉〈εθ(k), k|
]
, (66)
and projectors Πθ⊥k , Π
θ˜
p, Π
θ˜⊥
p are defined analogously to
Πθk. It should be noted that observables (65) commute
[Sθk, S
θ˜
p ] = 0, (67)
therefore the correlation function in the scalar state (28)
has the form
Cχ(k,p)polarization(k, θ; p, θ˜) =
〈χ(k, p)|S θ˜pSθk |χ(k, p)〉
〈χ(k, p)|χ(k, p)〉 . (68)
The numerator of the right side of Eq. (68) can be written
as [see Eqs. (65)]
〈χ(k, p)|S θ˜pSθk|χ(k, p)〉 = 〈χ(k, p)|Πθ˜pΠθk|χ(k, p)〉
+ 〈χ(k, p)|Πθ˜⊥p Πθ⊥k |χ(k, p)〉
− 〈χ(k, p)|Πθ˜⊥p Πθk|χ(k, p)〉
− 〈χ(k, p)|Πθ˜pΠθ⊥k |χ(k, p)〉. (69)
It is enough to calculate explicitly only
〈χ(k, p)|Πθ˜pΠθk|χ(k, p)〉, other terms on the right side
of Eq. (69) can be received by appriopriate change of
angles θ and/or θ˜. Now, with help of Eqs. (22), (24),
(29), (30), and (63) we find
〈ψ(k, p)|Πθ˜pΠθk|ψ(k, p)〉 = 4k0p0
[
δ3(0)
]2[
εθ(k) · εθ˜(p)
]2
,
(70a)
〈φ(k, p)|Πθ˜pΠθk|φ(k, p)〉 = 4k0p0
[
δ3(0)
]2[
p · εθ(k)
]2
× [k · εθ˜(p)]2, (70b)
〈φ(k, p)|Πθ˜pΠθk|ψ(k, p)〉 = −4k0p0
[
δ3(0)
]2[
p ·εθ(k)
]
× [k · εθ˜(p)][εθ(k) · εθ˜(p)].
(70c)
Using above formulas one can calculate explicitly
〈χ(k, p)|Πθ˜pΠθk|χ(k, p)〉 for arbitrary choice of functions
α(k, p) and β(k, p) in the state |χ(k, p)〉 [see Eq. (28)].
Thus, with help of Eqs. (69), and (70) and the normal-
ization (34), the correlation function (68) can be easily
calculated for arbitrary scalar state |χ(k, p)〉. However,
the resulting general formula appears to be rather long
and we do not put it here. Instead of that we will con-
centrate on some special cases. First of all, correlation
functions in the states |ψ(k, p)〉 [Eq. (29)] and |φ(k, p)〉
[Eq. (30)] have the following form:
Cψ(k,p)polarization(k, θ; p, θ˜) =
1
2 + (kp)
2
m4
{[
1 +
(k ·p)2
k2p2
]
× cos(2θ) cos(2θ˜) + 2 k ·p|k||p| sin(2θ) sin(2θ˜)
}
, (71)
Cφ(k,p)polarization(k, θ; p, θ˜) =
(k× p)4 cos(2θ) cos(2θ˜)
m4k2p2
[ (kp)2
m4
− 1]2 . (72)
In the center-of-mass frame these functions reduce to
Cψ(k,kpi)polarization(k, θ; kpi, θ˜) =
2
2 + (2x+ 1)2
cos 2(θ + θ˜), (73)
Cφ(k,kpi)polarization(k, θ; kpi, θ˜) = 0, (74)
where x = ( k
m
)2, kpi = (k0,−k). The function (73) is
monotonic and in the massless limit (x→∞)
lim
x→∞
Cψ(k,kpi)polarization(k, θ; kpi , θ˜) = 0. (75)
Now, let us consider the massless limit of the vector
bosons correlations. The general procedure of contract-
ing massive representation of Poincare´ group to the mass-
less one is very subtle and we will not discuss it here. Let
us only mention that one of the main difficulties is con-
nected to the fact that massive spin 1 particle posseses
three helicity degrees of freedom while photons only two.
Thus, in the massless limit the transversal polarization
and the longitudal polarization should transform sepa-
rately.
In the recent paper [35] the EPR-type experiments
with photons in the Lorentz-covariant framework have
6been discussed. In particular, the correlation function
for the pair of photons in the scalar state has been cal-
culated. However, it should be noted that there exists
only one scalar state of two photons with sharp momenta
[35], while there is a variety of such states for two mas-
sive bosons [this variety corresponds to different choices
of α(k, p) and β(k, p) in Eq. (28)]. Thus, first of all we
have to identify the scalar two-boson state which in the
massless limit goes to the scalar two-photon state. We
claim that such a state has the form (35). Indeed, in
terms of helicity states we have
|ξ(k, p)〉 =
∑
λ,λ′=±1
{
(kp)
[
Eλ(k) ·Eλ′(p)
]
+
[
p ·Eλ(k)
][
k ·Eλ′(p)
]}|(k, λ); (p, λ′)〉+m2 k ·p|k||p| |(k, 0); (p, 0)〉
+m
∑
λ=±1
{ k0
|p|
[
p ·Eλ(k)
]|(k, λ); (p, 0)〉+ p0|k|[k ·Eλ(p)]|(k, 0); (p, λ)〉
}
, (76)
where Eλ(k) = (E
1
λ(k), E
2
λ(k), E
3
λ(k)). Thus, taking into account the explicit form of Eλ(k) [Eq. (25)], we see that
the massless limit of the state |ξ(k, p)〉 is well defined and that in this limit all terms containing helicity 0 (longitudal
polarization) vanish. Using Eqs. (70) we receive
〈ξ(k, p)|Πθ˜pΠθk|ξ(k, p)〉 = 4k0p0
[
δ3(0)
]2{
(kp)
[
εθ(k) · εθ˜(p)
]
+
[
k · εθ˜(p)
][
p · εθ(k)
]}2
, (77)
and consequently correlation function in the state |ξ(k, p)〉 has the form
Cξ(k,p)polarization(k, θ; p, θ˜) =
1
2(kp)2 +m4
{
2(kp)2
[
cos(2θ) cos(2θ˜)− k
0p0
|k||p| sin(2θ) sin(2θ˜)
]
+m2(m2 + k2 + p2)
[ (kp)2 − 2k0p0(kp) +m2(m2 + k2 + p2)
k2p2
cos(2θ) cos(2θ˜) +
2(kp)
|k||p| sin(2θ) sin(2θ˜)
]}
. (78)
It should be noted that in the massless limit the above
correlation function reduces to
lim
m→0
Cξ(k,p)polarization(k, θ; p, θ˜) = cos 2(θ + θ˜), (79)
which is just the correlation function for photons in the
scalar state obtained in [35].
In the center-of-mass frame [p = kpi = (k0,−k)] the
correlation function (78) has the form
Cξ(k,kpi)polarization(k, θ; kpi, θ˜) =
2(2x+ 1)2
2(2x+ 1)2 + 1
cos 2(θ + θ˜),
(80)
where x = ( k
m
)2. Thus, the correlation function in the
state |ξ(k, kpi)〉 in the center-of-mass frame [Eq. (80)] is a
monotonic function. However, there exist such configura-
tions of k and p in which the correlation function (78) is
not monotonic. For example, let us assume that |p| = |k|,
k ·p = |k|2 cosα. In this configuration p = (k0,p) ≡ pk
and
Cξ(k,pk)polarization(k, θ; pk, θ˜) =
1
2(x+ 1− x cosα)2 + 1
×
{[
2x(x + 1)(cosα− 1)2 + cos2 α+ 1] cos(2θ) cos(2θ˜)
+2(x+1−x cosα)(−x+x cosα+cosα) sin(2θ) sin(2θ˜)
}
,
(81)
where, as previously, x = ( k
m
)2. We have plotted this
function for chosen values of θ and θ˜ on Fig. 1. Thus we
see that for some values of α this function is not mono-
tonic function of x. As an example, on Fig. 2 we have
plotted this correlation function for k ⊥ p (α = π/2).
There are of course also such values of θ and θ˜ for which
the correlation function (81) is a monotonic function of
x for every α ∈ (0, π〉.
A. Bell-type inequalities
In this subsection we will show that the degree of vi-
olation of Bell-type inequalities strongly depends on the
particle momenta. In the local realistic theory the CHSH
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FIG. 1: The plot shows the dependence of the correlation
function Cξ(k,pk)polarization(k, θ; pk, θ˜) [Eq. (81)] on x and α for θ =
5pi/6, θ˜ = 8.69pi/6.
-0.2
-0.18
-0.16
-0.14
-0.12
-0.1
 0  1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17
PSfrag replacements
x
c
o
r
r
e
la
t
io
n
fu
n
c
t
io
n
FIG. 2: The plot shows the dependence of the correlation
function Cξ(k,pk)polarization(k, θ; pk, θ˜) [Eq. (81)] on x for k orthogonal
to p (α = pi/2), and θ = 5pi/6, θ˜ = 8.69pi/6.
inequality [41, 42]
|Cab − Cad|+ |Ccb + Ccd| ≤ 2 (82)
should hold. In Eq. (82) Cab denotes the correlation
function of observables with eigenvalues 1, 0, and −1,
parametrized by a and b, and measured by Alice and
Bob. Therefore, the CHSH inequality (82) in the local
realistic theory should be satisfied also for the polariza-
tion correlation function (68). Let us consider the CHSH
inequality (82) for the polarization correlation function
in the state |ξ(k, kpi)〉 in the center of mass frame
∣∣Cξ(k,kpi)polarization(k, θa; kpi, θb)− Cξ(k,kpi)polarization(k, θa; kpi, θd)∣∣
+
∣∣Cξ(k,kpi)polarization(k, θc; kpi, θb)+Cξ(k,kpi)polarization(k, θc; kpi, θd)∣∣ ≤ 2
(83)
 0
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FIG. 3: The plot shows the dependence of the left side of
the inequality (84) for θa = 0, θb = pi/8, θc = 6pi/8, and
θd = 3pi/8 on x. The inequality (84) is violated for x > x0 =
− 1
2
+ 1
2
√
2
√
2−2
≈ 0.049.
Inserting Eq. (80) into Eq. (83) we get
2(2x+ 1)2
2(2x+ 1)2 + 1
{∣∣ cos 2(θa + θb)− cos 2(θa + θd)∣∣
+
∣∣ cos 2(θc + θb) + cos 2(θc + θd)∣∣} ≤ 2 (84)
The left side of Eq. (84) is largest in the configuration
in which
∣∣ cos 2(θa + θb) − cos 2(θa + θd)∣∣ + ∣∣ cos 2(θc +
θb) + cos 2(θc + θd)
∣∣ has maximum value. But the analy-
sis of the standard nonrelativistic CHSH inequality shows
that the maksimum value of this quantity is equal to
2
√
2 (we receive this value for e.g. θa = 0, θb = π/8,
θc = 6π/8, and θd = 3π/8). The dependence of the
left side of inequality (84) in the above configuration is
shown in Fig. 3. One can see that the degree of vio-
lation of this inequality strongly depends on the parti-
cle momentum. Moreover, the left side of the inequality
(84) increases with the particle momentum and reaches
the limiting value 2
√
2 in the ultrarelativistic (massless)
limit. It should be also noted that in the nonrelativistic
case (x = 0) the inequality (84) is not violated (the left
side of the inequality (84) is equal to 4
√
2
3 ).
VII. CONCLUSIONS
We have calculated the helicity and linear polarization
correlation functions of two relativistic vector bosons in
certain scalar states. To discuss linear polarization corre-
lations we have defined states corresponding to the lon-
gitudal and transversal polarization of vector particle.
In particular we have found the scalar state which in
the massless limit tends to the two-photon scalar state.
We have shown also that in the massless limit the polar-
ization correlation function in this scalar state tends to
8the correlation function in the scalar two-photon state.
We have considered also the CHSH inequality and found
that the degree of violation of this inequality can increase
with the particle momentum. Such a behaviour can be
important in applications of relativistic massive particles
in various quantum information protocols, like e.g. quan-
tum cryptography based on violation of Bell inequalities
[43].
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